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Abstract

In this paper, we consider an insurance company that is active in multiple dependent
lines. We assume that the risk process in each line is a Cramér-Lundberg process.
We use a common shock dependency structure to consider the possibility of simul-
taneous claims in different lines. According to a vector of reinsurance strategies,
the insurer transfers some part of its risk to a reinsurance company. Our goal is to
maximize our objective function (expected discounted surplus level integrated over
time) using a dynamic programming method. The optimal objective function (value
function) is characterized as the unique solution of the corresponding Hamilton—Jac-
obi—Bellman equation with some boundary conditions. Moreover, an algorithm is
proposed to numerically obtain the optimal solution of the objective function, which
corresponds to the optimal reinsurance strategies.

Keywords Cramér—Lundberg process - Common shock - Dynamic programming
principle - Reinsurance

1 Introduction

Stochastic control is an important area of research which has many applications in
insurance. In particular, stochastic control is widely used to control the risk pro-
cesses of insurance companies based on their reinsurance strategies. A reinsurance
strategy is used by insurance companies to transfer some part of their risk to another
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insurance company. An important challenge for an insurance company is to optimize
its reinsurance strategies. One approach for solving this problem which is widely
used in the literature, is minimizing the ruin probability with respect to the reinsur-
ance strategy. This approach was first studied in Schmidli [13] that assumed a Cra-
mér—Lundberg risk process and a proportional reinsurance strategy. The approach
presented in Schmidli [13] was extended to the excess of loss reinsurance strat-
egy by Hipp and Vogt [6]. The same problem as Hipp and Vogt [6] was consid-
ered by Schmidli [14] and Taksar and Markussen [15]; however, it was based on the
assumption that the risk process was the diffusion process. More recently, Cani and
Thonhauser [4] and Cani [3] used a different objective function to find the optimum
reinsurance strategy. In these works, the expected discounted surplus level function
introduced by Hgjgaard and Taksar [7] and Hgjgaard and Taksar [8] is used as the
objective function. Furthermore, a variety of optimization techniques has also been
studied in Beveridge, Dickson, and Wu [2], Meng and Siu [10], Azcue and Muler
[1], Eisenberg and Schmidli [5], Tamturk and Utev [16], Tan,Wei,Wei, and Zhuang
[17], Preischl and Thonhauser [11] and Salah and Garrido [12] to find the optimum
reinsurance strategy.

However, all mentioned works only focus on insurance companies active in just
one line of business where the insurance company has only one type of reinsurance
strategy for all its risks. Nonetheless, in practice, most insurance companies are usu-
ally active in more than just one line of business. These lines could be dependent
such that controlling each line individually will not yield a global optimum result.
Recently, Masoumifard and Zokaei [9] used the survival probability as the objective
function to find a vector of optimal dynamic reinsurance strategies for an insurance
company that operates on multiple independent lines.

In this work, we consider a common shock dependency structure for modeling the
surplus process of a reinsurance company. Similar to Cani and Thonhauser [4], the
expected discounted surplus level integrated over time is considered as our objective
function. Our aim is to maximize this objective function with respect to a vector of
reinsurance strategies.

In Sect. 2, a risk model for the surplus process with the common shock depend-
ency structure is presented. The main results are stated in Sect. 3. In Sect. 4, a
numerical algorithm for finding the optimal reinsurance strategies and the value
function is explained. Finally, Sect. 5 provides the concluding remarks.

2 Common shock model

Consider an insurance company that operates on n dependent insurance lines. In
practice, claims can occur simultaneously in several lines. For example, a car acci-
dent can cause damage both to the car and the driver as well. Hence, we assume that
there are m sources as such that an occurrence in each source causes a claim in one
or several lines. Figure 1 shows an example with four sources and three lines. In
this example, sources 1 and 2 each makes claims only in one line; however, source
3 produces a claim in lines 2 and 3 simultaneously, and source 4 causes a claim in
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Fig. 1 An example of common shock model with m = 4 sources and n = 3 lines. A; = {1}, A, = {2},
Ay ={2,3}and A, = {1,2,3}

all lines. It should be noted sources 1 and 4 each makes a claim in the first line, but
these claims can have different probability distributions.

More precisely, consider a probability space (Q, £, P). In this space, we consider
independent Poisson processes {N,(¢) : t > 0} with parameters p; for the frequency of
events in source i € {1,2, ... m}. We denote the kth claim size from source i on line j,
by the random variable Y;;. We assume {Y; 1 i€ {l,....m}, j€A, keN}

L

are independent random variables with cumulative distribution functions F ll]/ and

finite means Hijs where A; C {1,2,...,n} is the set of lines affected by the source i.
Therefore, the total amount of claims caused by the source i until time ¢ is:

N;(®)

ZZYifk i=1,...,m.

k=1 jeA,

Given an initial capital x, then the surplus of the insurance company at time ¢ is

m Nit)

Xty =x+pt=2 D D Yy, (1)

i=1 k=1 jeA,

where, p is the premium rate and is calculated using the expected value principle
with relative safety loadings #; > O that is:

p=rp,  py=+n) Y Bl (), 2)
j=1 i=1
in which /, (x) is the indicator function.

2.1 Reinsurance

In this subsection, we define reinsurance strategies for a company with n lines of
business. First consider the filtration F = {F, : t > 0}, where F, is the o-algebra
generated by {X(s) 0 <s <t}

A reinsurance strategy is a multivariate stochastic processes U = {U(t) = (U, (1),
.., U,@®) : t > 0}).Ifattimet = f, we have a claim of size Y = ZEAi Y from the source
i, then the reinsurance company covers ¥ — ZjeAi rj(Uj(tl), Yijkj, where the functions
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0 < rj(u,y) <y are continuous and increasing in y. We say that U is admissible if for
j= 1 2, ..., n, the functions (,1,y) = r;(Uw,1),y) are £x B x B measurable and
functions @ — Yea (U, 1), y) are .7-',, measurable for every r > 0 and y > 0. We
denote the set of all admissible strategies by R. In this paper, we consider each line
can have one of the following reinsurance contracts:

(1) Proportional: r*(u,y) = uy, ue€U’ =[0,1].
(2) Excess of loss (XL): r*L(u, y) = min(u,y), u € U™ =0, x0].

Using (1), the surplus process controlled by reinsurance strategy U is given by

m  Ni(t)

Xy() = x + / pWsHAs = D DD 1 (Uz). Yy ) 3)

i=1 k=1 jEA,;

where 7, is the time of the kth claim from the source i. We use the expected value
principle for calculating the premium:

pw)y=p- qu), uel
=1
and
qj(uj) =1+ 9]) Z ﬁiE(Yijk - rj( Uj, Uk))IA (])
i=1

where, 6, > 7; is the safety loading factor and p is defined in (2) and ¢/ C R" is the
set U = Uy XU, X -+ X U,,. For proportional lines we have ¢; = [0, 1] and for excess
of loss Z/{j = [0, o]

2.2 The value function

Given a reinsurance strategy U and an initial surplus x > 0, similar to Cani and
Thonhauser [4], we define the following objective function:

Vo) = E( / " X 5)ds| Xy (0) = x)
0

- E< / v e_5SXU(s)dS>,
0

where 7y, is the time of ruin

“

ty=inf{r>0: Xy(t) <0},

and 6 > 0 is a discount rate. This function is known as expected discounted surplus
level integrated over time. The value function is given by (5)
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V(x) = 5:% Vy @), 5

and the optimal reinsurance strategy U™ is such that V = V..

Similar to Proposition 1, Lemmas 1 and 2 of Cani and Thonhauser [4] it is easy
to see that the value function V(x) is strictly increasing, locally Lipschitz continuous;
therefore, absolutely continuous, and for all x > 0 we have

p

5<V(x)_—+§ (6)

3 Hamilton-Jacobi-Bellman equation
To be able to solve (5) using methods of dynamic programming and to further ensure
the optimality of the solution, we first need to find the Hamilton—Jacobi-Bellman

equation associated to V(x).

Lemma 1 The value function V(x) is a.e. a solution to:

sup H,(x,u)=0,
(wetlpwz0) ™
where
mn X
H, (x,u) = x + pu)g'(x) — (6 + f)g(x) + Z ﬁi/ glx —2)dF(2),
i=1 0
and f =Y p;and F ¥(2) is the cumulative distribution function of )., iea, i Yige).

Proof Because the proof is similar to the proof of Lemma 3 of Cani and Thonhauser [4],
we only identify the infinitesimal generator of (3) controlled by the constant strategy
u = (uy, ..., u,). Consider Z Z e r(u;, Y;). Similar to page 10 of Azcue and Muler
[1], deﬁne By, ={N,@®) = N (t) =0}, B,={N,®) =1,N.(t) =0 Vk # i} for
i=1,2,...,mand B, | = UJ= AS we have the following relation

m+1

2(X,()) ZE( X, (1) IB>

= g+ p@ne? + Y E(g(Xu(t))IB/) +o(1),

Jj=1
where I is the indicator function. Therefore

lim &t p@)ne " — g(x)

t—0* t

= pw)g'(x) - fg(x),

and
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t x+p(u)s
E(g(X,0)1Iz) = B, /0 e’ /0 g(x + p()s — 2) dF*(2) ds.

Therefore

E(g(X, ()15, '
E(g(X0)l) _ ﬂ,./ 8 — ) dF(2).
0

lim
-0t t

So the infinitesimal generator is

m

Ay g(x) = pw)g'(x) — fg(x) + Z B / glx —2)dF(2).
i=1 0
Now we can simplify Y77 f; [Ox gx —2) dF¥(z) as:
Db /0 gr— ) dFI () = B /0 glx — 2 dF(2),
i=1

where F*(z) = lli > | BiF} (). Therefore Axu g(x) is similar with the one in the proof

=
of Lemma 3 of Cani and Thonhauser [4] and so the continuation of the proof is sim-
ilar. O

Remark 1 Suppose that x is such that V’(x) exists. Since Hy (x,u) is continuous in
u and {u € Ulp(u) > 0} C R" is compact, there exists the pointwise maximizer
u*(x) = (uy(x), ..., uy(x)) such that Hy (x,u*(x)) = 0. Therefore

P V(@) =+ V) —x— D b, / V(x —2)dF9().
i=1 0
By (6), we have V(x) > x/§, and since V(x) is increasing, we can write
6+ AV —x— Z B, / Vi —2)dF @) > V() —x > 0.
i=1 0

Therefore p(u*(x))V’(x) > 0 which means p(u*(x)) > 0. So V(x) is also an a.e. solu-
tion to

g (x) = Dg(x), (8)
where

G+ P —x— X, B [y gx—2)dF*(2)

mn
{u€U|p(u)>0) pu)

Dg(x) =

Also, if g(x) is absolutely continuous, (8) is equivalent to
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gx) = glxg) + / Dg(z) dz. 9)

Lemma 2 If g,(x) and g,(x) are two absolutely continuous solutions of (8) such that
81(0) < g,(0), then h(x) = g,(x) — g,(x) is a non decreasing function.

Proof Define

6+ P —x— X7, B o 80— 2)dF!(2)
Teeu) = P |

Note that p(u) < p, ng(x, u) is continuous in u and {u € U|p(u) > 0} is compact.
Assume that #®(x) = (u(lz) (), ..., u®(x)) is the pointwise minimizer for g,(x) i.e.

@ = i =
ng(x,u x) {p(lulgo}ng(x,u) Dg,(x).

We have
Dg,(x) = Dgy(x) 2 J, (x,u® () = J, (x,u®(x))

_G+PIW - T8 By he =@

) p@(x) (10)
S (8 + P)h(x) — fsup,epo. h(2)

> : .

Now by contradiction we prove that for all x > 0 we have sup,, 1(2) = A(x).
Assume that there exists x, such that sup,,  2(z) > h(x). Since A(x) is continu-
ous, there exists 0 < x, < x, such that sup o, #(z) = h(xy) > h(0) > 0. Since h(x)
is a continuous function and h(x,) > 0, there exist 0 < € < x —x; such that for
Z € [xy, Xy + €) we have (6 + p)h(z) — fh(xy) > 0. So by (10), for z € [xy, x, + €) we
have

(6 + P)(z) — Phixy) S 0.

Dg,(z) — Dg(z) 2

But by (9) h(xy + €) = h(xy) + fxz‘ﬁe (Dgz(z) - Dgl(z)) dz > h(x,) which is a con-
tradiction. This contradiction proves that for all x > 0, sup,¢(q  2(z) = h(x). O

Lemma 3 If g,(x) and g,(x) are two absolutely continuous solutions of (8) such that
81(0) = g,(0), then for all x > 0 we have g,(x) = g,(x).
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Proof From Lemma 2, we know that both A(x)=g,(x) —g,(x) and
—h(x) = g,(x) — g,(x) are non decreasing. Therefore i(x) is a constant function. So
h(x) = h(0) = 0. O

In the next theorem we prove that V(x) is the only solution of (8) which satisfies
the inequality (6).

Theorem 1 V(x) is the unique absolutely continuous solution of (8) with
g(0) = V(0). If g,(x) and g,(x) are two absolutely continuous solutions of (8) such
that g,(0) < V(O) < g2(0) then there exists x, such that for x > x, we have g,(x) < =
and g,(x) > = +

Proof By Lemma 1, V(x) is a solution to (8) and by Lemma 3 it is unique. From
Lemma 2 we know h(x) = V(x) — g;(x) and h,(x) = g,(x) — V(x) are two non
decreasing functions. By using (10) for all x > 0, we have

DV(x) — Dy (v) » 210 5 2O
p p
and
Dey(x) - DV () > 22 5 SO
p p
Therefore by (9)
i 6h,(0)
hy(x) = h1(0)+/ [DV(z) - Dg,(2)] dz > hy(0) + » X,
0
and

0
hy(x) = hy(0) + / [Dg,(2) = DV(2)] dz > hy(0) + p( )

So using the inequality (6), V(x) — = < ;’—, and V(x) — (;—‘ + 5) > —%. Therefore

52

5h,(0)
81(x0) — g = V@) - ;—C — () < % -y (0) — 1Tx’

X
5

and

£W-(5+5) =V - (3+5)+mw

0h,(0)
X.

P
> =5 +hO)+

[’/52_hl 0)
8y (0)/p

P/52_/12(0)
3y (0)/p

Therefore if x > then, g,(x) < g and if x > , then g, (x) > g + ;42

@ Springer



Optimal multidimensional reinsurance policies under a common... 567

Lemma 4 If V(x) has a Radon—Nikodym derivative v(x) such that lim
then lim,_,  v(x) = 1/6.

v(x) exists,

X—=>00

Proof Since V(x) is absolutely continuous, by the Radon—-Nikodym theorem, there
exists a bounded Lebesgue integrable function v(x) such that

V(x) = V() + /X v(u) du.
0

Therefore v(x) < K and assume L :=lim,_, v(x). Let € >0, we can find x,
such that if x > x, then [v(x) — L| < ¢/3 . Assuming x large enough we also have

w < €/3. Therefore

‘V(x) ()'=@+1/°|v(u)—v(x)|du+1/ V() — v du
x x Jo x Jy,
5M+1/ (v = L] + |L = v()) du
x x Jy,
Se/3+2x_xoe/3<€.

Therefore lim, _, , v(x) = lim,_, @ But by (6) we know that lim,._, @ =1/6.
O

Remark 2 1f we assume that V(x) is a concave function , then V(x) has a decreasing
Radon—-Nikodym derivative and therefore Lemma 4 holds.

Remark 3 Note that even if V(x) is differentiable, from lim,_, Yo - /8, we can
not reach the conclusion that lim,_, , V'(x) = 1/4. For example con51der differenti-

able, Lipschitz continuous and strictly increasing function g(x) = a + + 90 We
have g(x)/x — 1/&but lim,_,  g’(x) does not exists.

The next Theorem is important from a practical point of view. In this theorem
we prove that at least in lines with proportional reinsurance, for large x, the opti-
mal strategy is such that there is no need for reinsurance.

Theorem 2 [f'Y,; has probability density function f;(x) with E(Y;;) < oo and the line
¢ is proportional i.e. r,(u,y) = uy, and V(x) has a Radon—Nikodym derivative v(x)
with a limit at infinity, then there exists x, > 0 such that if x > x| then Hy(x,u)
defined in (7) is an increasing function with respect to u, on (u,, 1] for every

O<u, <1

Proof Since V(x) is absolutely continuous, Hy (x, u) is a.e. differentiable with respect
to u,. We show that fHV(x, u) > 0ae.u, € (u,,1]. Itis easy to see that
lf —_—
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a—p(u) =1 +6,) ) B >0,
Ue i€z,

and (almost everywhere)

%;ﬁi/ V(x—2)dFi(z) = Z i, f/ V(x - 2) dF(2),

i€Z,

where 7, = {i € {1,2,....,m}|¢ € A;}. Fix i € I, and define S = Yjea #;Y; and
S, = z}eA e WY Smce E(Y;) < oo, lim,_, xfyj(x) 0 and by the dommated

convergence theorem we have lim,_,  E (Y 551} ) = 0. Therefore by (4), for e >0
we can find x; such that if x > x, we have

xfy,(x) <€, |v(x)—1/6] <e,
and x; > x;, such that if x > x; we have

E(Y I{S>x—x0}) €.

Note that ;" V(x — 2) dF*(z) = E[V(x — )] (g, ]. by conditioning on S, we have
E[V(x = S)(5<q] = / E[V(X =Sy = uYie) s vy, <) 1S, = Z]fo(Z)dZ
0

=/ E[V( X—Z— Uy zf)I{ufo<X z}]fS (z)dz

/ / OV (k= 2= upy)fy, 0) dyfs, (.
Therefore
ai Vix - 2)dFY() = — / l—vw)fy,( >]fsf(z)dz
u, Jo 0 uf up

- / / Cow(x =z - upy)fy, () dyfs, (9)dz
0 0
= _Cl - Cz.

Note that fox Ty, (’;;; ) fs, (2)dz = u,fs(x) and fox fy, (ﬁ ) /s, (2)dz > 0 and therefore

xV(O) fs W < V(0)e

C, <
Uy

and
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€= /0 /O f )’V(x T T ufy)I{Z'FMfySX—xo}fYM(y) dny/(Z)dZ
+ /0 /(; ’ yv(x —Z<- ufy)1[2+ufy>x—x0 }inf ) dny{ (2)dz

X F 1
< / / ’ y(g + €>I{z+ufy§x—xo }.lef (y) dnyf (Z)dZ
0 0
+KE(Y,I {S>x—x0})

1
< (5 + e)u,f +KE(YifI{S>x—xO})'
Soif x > x,,

9

0 0 — x .
ou, Hy(x,u) = a—ufp(u)v(x) + o ; ﬁi/o V(x —2)dF(2)

>1+0) Y b (5-€)-C-C

i€,

> %P(”)V(x) - EZI‘Z |5,V /u, - ﬂ[(é +€)E(Y,) - Ke]

> Z [(1 + 9/”1’#1’/(% - e) - p;V(0)e/u, — ﬂi(é + €>Mif - Ke]
i€,

>y [%] - [(1 + 0B + BV O/ up + Pipip + K]E-
i€Z, €T,

Therefore if € is small enough, then for almost all u, € (u,, 1], (%Hv(x, u)>0. O
L i,

Corollary 1 Under assumptions of Theorem 2, there exist x, such that if x > x, then

sup H(x,uy,uy, ..., u,) =Hx, 1,1,...,1).
I’/(r,')>0

4 Numerical solution and examples

To find the optimal value function, we must first find V(0). Using Theorem 1 and
Lemma 4, we have provided a method to numerically obtain a solution of (8) that
satisfies the inequality (6), and therefore by Theorem 1, it is the value function
V(x).

Consider small numbers Ax > 0, e > 0 and positive integer m. By inequality
(6) we have V(0) € [0, %] Using finite difference method we find a solution g, (x)

P
0+5—2

of (8) with g,(0) = —*= = 2%:
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570 M. Azarbad et al.

_ 5+ £)g,(0)
s10= 252’ PaO= L adntomo pw) (11)
g:((G+ DAx) ~ g,(iAx) + Dg,(iAx)Ax, i=0,1,....

Therefore we can approximate a solution of (8) at x = 0, Ax, 2Ax, .... We continue
increasing i until one of the following conditions occurs:

1 g (i*Ax) < Zand 2 < g, (iAx) < =X+ Lfori € {0,1,...0" — 1).

2. g,(*Ax) > ? and— < g (iAx) < & lAX + Lforie {0,1,...i" — 1},

3, |Dg1(iAx)—§|<eforie{i*,i*+1,...i*+m},and" < g(iAx) < B4 Zfor
ief{0,1,...7%" + m}.

If condition 3 occurs, we accept g, (x) as an approximation of the value function. If con-
dition 1 occurs, from Theorem 1 we conclude that g;(0) < V(0) and therefore
V(0) e [ i ], thus, we must find another solution g, (x) with g,(0) = M On the
other hand if condition 2 occurs, g,(0) > V(0) and therefore V(0) € [ 252 ] hence, we

+_
must find another solution g,(x) with g,(0) = 22‘52.
By repeating the above steps we can identify an approximation for the value func-
tion. In the following example, we explain this numerical algorithm.

Algorithm 1 Bisection algorithm for finding V() numerically, based on Theorem 1.

Consider a = 0, b = p/§? and Convergence=False
while Convergence is False do
c=(a+0)/2
Find the unique solution g(z) of (7) with g(0) =
if £ < g(z) < %+ & then
Convergence = True
else if g(x) < £ for large x. then
+— (a+ b) / 2
else if g(z) > § + % for large x. then
— (a+0) / 2
end if
end while

V(z) = g(z).

Example 1 Consider a company that operates on two lines with three sources of
claims A, = {1}, A, = {2} and A; = {1,2}. Using the model presented in relation
(3), the capital process can be written as follows.
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Optimal multidimensional reinsurance policies under a common... 571

t Ny (1)
X)) =x+ / p(U,(s), Uy(s))ds — Z r (Ul(rl_k), Ylk)
0 k=1
Ny(0) N;(0)

= Y n(Us(m3). Vo) = D [ (U3, Vi) + 12 (Un(r3): Vi ).
k=1 k=1

Assume light tail distribution I'(3,1.25) for Y,;, heavy tail distribution
Weibull(2, 0.5) for Yy, Ysy; ~ Exp(0.25), Y3y, ~ Exp(0.5), p, =5, f, =6, p3 =4,
n =n,=025 6 =60,=0.3and 6 =0.15. We apply the proportional strategy to
the first and the excess of loss strategy to the second line, respectively:

ri(y, u) = uy, r5(y, u) = min(u, y).

It is easy to see that the distribution of u, Y3, + min(Ys,,, u,) is

uy up

2u1—e‘”‘1 2 —ﬁ
21 ¢ iy 00)X) 1y #

e_'il[uz’oo)(x)

_x
Quje M —e 2

2u;—1
x4+2 =%
= ¢ Hcoouy) ) +

ooy ) +
uy+2
2

F;u,,uz)(x) — ] _

D= =

u1=

Now, we must find a solution of (8) that satisfies the inequality (6). From inequal-
ity (6), we have 0 < V(0) < p/6* =5333.3. By solving (8) with initial value
2(0) = (0 + 5333.3)/2 = 2666.7, we have g(x) > x/8+ p/6*> for large x. Thus,
by Theorem 1, 0 < V(0) < 2666.7. Therefore, we choose 2666.7 as the new upper
bound for V(0) and repeat the above procedure until the inequality (6) is met. Note
that we can only check (6) on [0, x,,] for some large x,,. To overcome this problem,
we have used condition 3 and therefore x,, = (i* + m)Ax.

The steps of the Algorithm 1 are available in Table 1. Also the value function and
all iterations of the Algorithm 1 are presented in Fig. 2.

In Fig. 3 we can see the optimal reinsurance strategies. As expected from Theo-
rem 2, in Fig. 3a, for x > 22.8, we have u’;‘(x) =1

Table 1 Bisection steps for

finding V(0) Iteration  Bound for V(0) 2(0) g(x) for large x

1 (0000.0,5333.3)  g,(0) =2666.7 g,(x) >x/5+p/s*
2 (0000.0,2666.6)  g,(0) =13333  g,(x) > x/5 +p/&*
3 (0000.0,1333.3)  g5(0) = 666.67  g5(x) > x/6 +p/8>
4 (0000.0,666.66)  g,(0) =333.33  g,(x) > x/6+p/8*
5 (0000.0,333.33)  g5(0) = 166.67  g5(x) <x/6

6 (166.66,333.33)  g4(0) = 250.00  g,(x) > x/6 + p/8>
7 (166.66,250.00) g;(0) =208.33  g;(x) <x/6

8 (208.33,250.00)  gg(0) =229.17  go(x) > x/6 +p/&*
9 (208.33,229.17)  g9(0) =218.75  go(x) satisfies (6)
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Fig.2 Plot of g(x) for different g(0) in Table 1
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Fig. 3 Optimal reinsurance strategies in Example 1

(b) Line 2 Excess of loss.

Table 2 Combinations of
contract types

Line 1 Line 2 Value function
1 Excess of loss Excess of loss Vi x1 (%)
2 Proportional Excess of loss Vp x (x) (Example 1)
3 Excess of loss Proportional Vi p(x)
4 Proportional Proportional Vp p(x)

To examine the impact of different contracts in different lines, we repeat Exam-
ple 1 for the other combinations of contract types (Table 2).

Figure 4, has displayed functions Vy; y; (x) —

Vex (), Vxpxr(x) = Vy p(x) and

Vyrx.(x) — Vp p(x). As a result, the best combination is the excess of loss contract
in both lines. Moreover, We have Vpy; (x) > Vy; p(x). In Example 1, the second
line has a heavy tail distribution for claim sizes, therefore it can be argued that it
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Fig.4 Impact of different contract types in Example 1

is recommended to apply the excess of loss contracts, at least in lines which have
heavy tail distributions.

To be able to compare the objective function used in this paper with the sur-
vival probability, in the next example, we have used the same settings as Example
2 of Masoumifard and Zokaei [9]. Since claims can not occur simultaneously in
Masoumifard and Zokaei [9], we assume A; = {1}, A, = {2} and A; = {3}.

Example 2 Assume a company with three sources and three lines such that A; = {1},
A, = {2} and A; = {3}. Consider the distribution F;(x) =1 — e % for the claim

3
sizes in the first line, F,(x) = 1 — <)%) for the claim sizes in the second line and

the mixture F;(x) = 0.7F;(x) + 0.3F,(x) for the claim sizes in the third line. Let
p,=80=4p0=5n=03,0 =0.351n=02,0,=025#5;=0.25,6,=03
and 6 = 0.005,0.01,0.05,0.1,0.2.

Using proportional reinsurance for all lines, we have solved the problem for two
objective functions:

e Survival Probability Sy(x) =1— P(ry < o0|Xy(0) =x), which is used in
Masoumifard and Zokaei [9] (denoted by 6;;(x)). The optimal survival probabil-
ity is S(x) = supy Sy(x)

e The value function used in this paper (defined by (4)).
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We have calculated the followings:

e Optimal survival probability S(x) and its corresponding optimal strategy denoted
by US(1) = us(Xys(t7)).

e The value function V(x) and its corresponding optimal strategy denoted by
U (1) = u* (X (1))

e The function (4) for reinsurance strategy U°, i.e. Vs (x).

e Survival probability for our optimal strategy U*, i.e Sy (x).

Using objective function (4) instead of the survival probability gives us a better
strategy from a practical point of view. That is, considering the survival probability
as objective function, even for large x , a significant amount of reinsurance must be
purchased (see Fig. 5). This results in a large amount of surplus being paid to the
reinsurer in exchange for a slight increase in the probability of survival. However,
according to Theorem 2 and Fig. 5, we see that in all cases adopting (4) as objec-
tive function leads to strategies that u*(x) = 1 for large x and for larger 6, the optimal
strategy tends to 1 faster. In other words, there is no need for reinsurance when the
surplus is large enough.

In Fig. 6 we can see a large difference between V(x) and Vys(x) and very small
difference between S(x) and Sy+(x) for small 6. On the other hand for large 6, the dif-
ference between S(x) and Sy (x) becomes larger. So using objective function (4) with
small 6 can have some advantages over survival probability.

5 Conclusion

In this paper, we have considered an insurance company that is active in multi-
ple lines as such that claims can occur simultaneously on several lines. A vector
of dynamic reinsurance strategies has been derived as such that the expected dis-
counted surplus level integrated over time (objective function) is maximized. Using
Theorem 1, we characterized the optimal objective function as the unique solution
of the associated HIB equation that satisfies inequality (6). We also presented an
algorithmic method for finding the value function numerically. Moreover, by com-
paring the objective function used in this paper with the survival probability, it is
safe to conclude that using this objective function may have advantages over the
survival probability.
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Fig.5 Optimal strategies u*(x) for § = 0.005, 0.01, 0.05, 0.1, 0.2 and #5(x) in Example 2
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(c) V(z) and Vs (z) for 6 = 0.01.
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Fig.6 Comparison of the two value functions for various values of &
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